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$\frac{\partial u}{\partial T}=\frac{1}{2}\sigma(T, K)^{2}K^{2}\frac{\partial^{2}u}{\partial K^{2}}-(r-\delta)K\frac{\partial u}{\partial K}-\delta u, (T, K)\in(t, \infty)\cross(0, \infty)$
( ) $U^{*}(T, K)$ $T,$ $K$
$\sigma(T, K)$
$\sigma(T, K)^{2}=\frac{\frac{\partial u}{\partial T}(r-\delta)K_{\vec{\partialK}}^{\partial u}\delta u_{*}}{\frac{1}{2}K^{2}\frac{\partial^{2}u}{\partial K^{2}}}$
2
$K,$ $T$ ( )
2




Bouchouev and Isakov [3]
$K$ (
) $\sigma(K)$ $\delta=0$
$\{\begin{array}{ll}\frac{\partial u}{\partial T}=\frac{1}{2}\frac{\partial}{\partial K}(\sigma(K)^{2}K^{2}\frac{\partial u}{\partial K})-rK\frac{\partial u}{\partial K}-ru, (T, K)\in(t, \infty)\cross(0, \infty)u(T, K)|_{T=t}=H(x-K) , K\in(0, \infty)\end{array}$ (1.2)
$H()$ $T$ ( )
$K$
$y$ $=$ $\log-x$ ’ $\tau=T-t,$
$a(y) = \sigma(K) , U(\tau, y)=u(T, K)$ ,
(1.2)
$\{\begin{array}{l}\frac{\partial U}{\partial\tau}=\frac{1}{2}\frac{\partial}{\partial y}\{a(y)^{2}\frac{\partial U}{\partial y}\}+\{\frac{1}{2}a(y)^{2}-r\}\frac{\partial U}{\partial y}-rU (\tau, y)\in(0, \tau_{*})\cross RU(\tau, y)|_{\tau=0}=H(-y) y\in R\end{array}$ (1.3)
$\tau^{*}=T-t^{*}$ (1.3)
$U(\tau, y)|_{\mathcal{T}=\tau_{*}}=U_{*}(y) y\in\Omega\subset R$ (1.4)
$a(y)$ $\Omega$ $R$












$U_{0}$ (1.3) $\frac{1}{2}a(y)^{2}$ $a_{0}^{2}$
$\{\begin{array}{ll}\frac{\partial U_{0}}{\partial\tau}=a_{0}^{2}\frac{\partial^{2}U_{0}}{\partial y^{2}}+(a_{0}^{2}-r)\frac{\partial U_{0}}{\partial y}-rU_{0} (\tau, y)\in(0, \tau_{*})\cross RU_{0}(\tau, y)|_{\tau=0}=H(-y) , y\in R\end{array}$ (2.4)
(2.4) (2.3) $f$ 2 (1.3) $V$
$\{\begin{array}{l}\frac{\partial V}{\partial_{\mathcal{T}}}=a_{0^{2}}\frac{\partial^{2}V}{\partialy^{2}}+(a_{0^{2}}-r)\frac{\partial V}{\partial y}-rV+F_{0}(\tau, y), (\tau, y)\in(0, \tau_{*})\cross RV(\tau, y)|_{\tau=0}=0, y\in R\end{array}$ (2.5)
$F_{0}(\tau, y)$
$F_{0}( \tau, y)=\frac{\partial}{\partial y}(\frac{\partial U_{0}}{\partial y}(\tau, y)f(y))+\frac{\partial U_{0}}{\partial y}(\tau, y)f(y)$
3 Reconstruction of volatility
$U(\tau^{*}, y)$
$a(y)$
3.1 Algorithm for reconstruction
$W(\tau, y)$
$\{\begin{array}{l}\frac{\partial W}{\partial\tau}=a_{0^{2}}\frac{\partial^{2}W}{\partial y^{2}}+(a_{0^{2}}-r)\frac{\partial W}{\partial y}-rW+G_{0}(\tau, y) (\tau, y)\in(0, \tau_{*})\cross RW(\tau, y)|_{\tau=0}=0 y\in R\end{array}$ (3.1)
$G_{0}( \tau, y)=\frac{\partial U_{0}}{\partial y}(\tau, y)f(y)$
$\frac{\partial U_{0}}{\partial y}(\tau, y)=-\frac{1}{2\sqrt{\pi\tau a_{0}^{2}}}\exp\{-\frac{1}{4\tau a_{0}^{2}}(y+(a_{0}^{2}-r)\tau)^{2}-r\tau\}$
$G_{0}(\tau, y)$




$\{\begin{array}{l}\frac{\partial w}{\partial_{\mathcal{T}}}=a_{0^{2}}\frac{\partial^{2}w}{\partialy^{2}}-\frac{1}{2\sqrt{\pi\tau a_{0^{2}}}}e^{-\frac{y^{2}}{4\tau a0^{l}}}f(y) , (\tau, y)\in(0, \tau_{*})\cross Rw(\tau, y)|_{\tau=0}=0, y\in R\end{array}$ (3.2)
$v=e^{\alpha y+\beta\tau}V$
(1.3)
$\{\begin{array}{l}\frac{\partial v}{\partial_{\mathcal{T}}}=a_{0^{2}}\frac{\partial^{2}v}{\partialy^{2}}+\frac{\alpha-1}{2\sqrt{\pi\tau a_{0^{2}}}}e^{-\frac{y^{2}}{4_{\mathcal{T}0}0^{l}}}f(y)-\frac{1\partial}{2\sqrt{\pi\tau a_{0^{2}}}\partial y}(e^{-\frac{y^{2}}{4\tau n0^{2}}}f(y))(\tau, y)\in(0, \tau_{*})\cross Rv(\tau, y)|_{\mathcal{T}=0}=0, y\in R\end{array}$ (3.3)
(3.3) $v$ (3.2) $w$
$v=( \alpha-1)w+\frac{\partial w}{\partial y}$
(3.2) $w(\tau, y)$
$w( \tau, y)=-\frac{1}{2\sqrt{\pi}a_{0^{2}}}\int_{\Omega}(\int_{\frac{|y-\xi|+|\xi|}{2a0\sqrt{\tau}}}^{\infty}e^{-t^{2}}dt)f(\xi)d\xi$
(see Lemma 2.1 in Bouchouev, Isakov, and Valdvia [4]).




$k( \xi, y)=-\frac{\alpha-1}{2\sqrt{\pi}a_{0^{2}}}\int_{\frac{|y-\xi|+|\xi|}{2a_{0}\sqrt{\tau}}}^{\infty}e^{-t^{2}}dt+\frac{1}{4\sqrt{\pi\tau_{*}}a_{0^{3}}}e^{-\frac{(|y-\epsilon|+|\xi|)^{2}}{4_{\mathcal{T}}.a_{0^{A}}}}sign(y-\xi)$ . (3.5)
$U_{0}( \tau, y)=\sqrt{2}e^{-r\tau}\int_{-\infty}^{-\alpha\sqrt{\tau}--A}2\sqrt{\tau a0^{2}}\frac{1}{\sqrt{2\pi}}e^{-\not\simeq^{2}}d\xi.$












$k$ Chebyshev $(x)=\cos$ ( $k$ arccos $(x)$ ) $k(\xi, y)f(\xi)$
Chebyshev
$k( \xi, y)f(\xi)\simeq\sum_{k=0}^{N}g_{k}^{\sim}(y)T_{k}(\xi)$ (3.7)
$\xi_{j}=cos\frac{j\pi}{N}(0\leq i\leq N)$
$k( \xi_{j}, y)f(\xi_{j})\simeq\sum_{k=0}^{N}\tilde{g}_{k}(y)T_{k}(\xi_{j})$ (3.8)
$g_{k}^{\sim}(y) \simeq\frac{2}{Nc_{k}}\sum_{j=0}^{N}k(\xi_{j}, y)f(\xi_{j})T_{k}(\xi_{j})$ (3.9)
$c_{j}=\{\begin{array}{l}2 (j=0, N)1 (1\leq j\leq N-1)\end{array}$ (3.10)
$k(\xi, y)f(\xi)$
$k( \xi, y)f(\xi)\simeq\frac{2}{N}\sum_{k=0}^{N}\frac{1}{c_{k}}\sum_{j=0}^{N}\frac{1}{c_{j}}k(\xi_{j}, y)f(\xi_{j})T_{k}(\xi_{j})T_{k}(y)$ (3.11)
$I^{*}(y_{k})= \frac{2}{N}\sum_{i=0}^{N}\frac{1}{c_{j}}\sum_{j=0}^{N}\frac{1}{c_{j}}k(\xi_{j}, y_{k})f(\xi_{j})T_{i}(\xi_{j})\int_{-1}^{1}T_{i}(x)dx$ (3.12)













$e^{\alpha y+\beta\tau}\cdot\{U_{*}(y)-U_{0}(\tau_{*}, y)\}$ $f(y)$ $r=0$ $\Omega=(-0.3,0.3)$ ,
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